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Exercise. A subset A of R" is said to be path-connected if, given any two points xg,yo € A, there
exists a continuous path ¢ : [0, 1] — A such that ¢(0) = z¢ and ¢(1) = yo

(a) Prove that if A C R™ is non-empty and path-connected, then A is connected.

A is connected if it cannot be written as the union of two disjoint nonempty open sets.
Assume A is disconnected. Then 3X,Y C A s.t.

i) X £ 0 and Y # () are both open
ii) A=XUY, and
i) X NY = 0.

Since A = X UY is path-connected, for g € X C A and yg € Y C A, there exists a
continuous path ¢ : [0,1] — X UY such that ¢(0) = xo and ¢(1) = yp.
Thus,

i) o 1(X) C[0,1] and ¢~ (Y) C [0, 1] are both open and non-empty
i) [0,1] = ¢7H(X)U~H(Y)
iii) o X)No (V) =10

Therefore, [0, 1] disconnected. But [0, 1] is connected, so this gives us a contradiction!
Thus, A must be connected.

(b) Suppose now that A is an open subset of R". For x € A, let C,, be the set of points z in A for

which there is a continuous path in A from x to z. Prove that C, is open in A. (Hint: use the
fact that every ball in R™ is path-connected, and use composition of paths.)

Let z € C,.

Then exists a continuous path in A from z to z.
Since A is open, there exists a ball B, C A centered at z.

Let zg € B..

Since every ball in R™ is path-connected, there exists a continuous path in A from
z to 2.

Using the composition of paths, it follows that there is a continuous path from z to zj.
Thus, zg € C,, and so B, C C, since zy € B, was arbitrary.
Since z € C,, was arbitrary, it follows that C,, is open in A.




(c) Continuing with the assumptions of part (b), prove that for any two points x,y € A either
C,=CyorC,NC, = 0.

Solution.

Let x,y € A and suppose that C,, N C, # 0.
Let z € C; NCy and z € C.
Then, there exists continuous paths connecting y to z, z to x, and x to z;.

Using the composition of paths, it follows that there exists a continuous path from y to z;.
Thus, 2 € Cy, and so C, C C,.

Similarly if zo € (), then there exists continuous paths connecting z to z, z to y,
and y to 2o

Using the composition of paths, it follows that there exists a continuous path from z to z,.
Therefore, 2z, € Cy, and so C;, C Cj,.

Thus, we conclude that C, = C,.

(d) Continuing with the assumptions of parts (b) and (c), prove that if A is connected, then A is
also path-connected. (Hint: use the fact that A can be written as | J C;)

€A
Suppose that A is connected and note that A = U Cy.
€A

Let xy € A and suppose C,,, C A.
= Jyo € As.t. yo & Cy,.
= |J C,#0and C,, #0.

yGA\Czo
Moreover, in part (b) we showed that C,, and C, are both open for all y

— ( U C'y> is open since it is the union of open sets.
y€A\Cy

Since y &€ Cy, for any vy, it follows that Cy, # C,,.

By part (¢), Cy,y NC, = 0 for all y € A\Cy,

= C,,n| U ¢, =0. Thus,

A:Cm0u< U Cy)

y€A\Cy

is the union of two disjoint nonempty open sets.
But then, A is not connected, so this is a contradiction!
Thus, A = C,,, which is path-connected.




